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ABSTRACT

We consider a gauge field theory which admits p-dimensional topological
defects, expanding the equations of motion in powers of the defect thickness. In
this way we derive an effective action and effective equation of motion for the
defect in terms of the coordinates of the p-dimensional worldsurface defined by

the history of the core of the defect.
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Introduction.

There has been some interest recently in deriving higher order terms in the action of
extended objects. For instance, in string theory, Polyakov! suggested adding an extrinsic
curvature term to the string action; other authors have investigated particles with extrinsic
curvature?, however in neither case were physical justifications presented. Following the
heuristic work of Nielsen and Olesen® (later proved by Forster?), who argued that the
behaviour of a vortex solution they had found was that of a Nambu string, other authors

argued® that general topological defects had ‘generalised Nambu actions’

SEFF = \/——7dp+10"4. (1)
X#u(o4)

where X#(c#) are the spacetime coordinates of the worldsurface, {o4} the intrinsic co-
ordinates of the worldsurface, and y4p the intrinsic metric. It was hoped that a more
detailed examination of the equations of motion for the defect would yield the higher order
terms. To our knowledge, the first step in this direction was the examination of the effec-
tive action for the Nielsen-Olesen vortex to second order in the ratio of the string width
to string curvature®. A later study’ of the problem showed that the original reasoning
had been flawed, and that in fact there were no such correction terms. The purpose of
this paper is to present a general argument for obtaining an expansion for the effective
action of bosonic topological defects, and in particular to demonstrate that for strings and
particles no such terms exist.

First of all, we should examine what is meant by an “effective action”. Generally,
topological defects can arise in field theories when the vacuum manifold of the theory is
non-trivial. Specifically, a p-dimensionalt topological defect can form if Op_p2(M) #1
(where n is the dimension of spacetime). Such a defect is characterised by a winding
number, which is the winding number of the map from a (n —p— 2)-sphere surrounding the
defect into the vacuum manifold. The static defect is a topologically stable solution to the
equations of motion of the theory, and is characterised by having translational symmetry
in a (p + 1)-hyperplane, the fields depending only on the m = (n — p— 1) orthogonal
directions. Unless the symmetry is a global one, the energy density of the defect will be
highly localised around a particular hyperplane with characteristic thickness €, where ¢!
is typically of the order of the symmetry breaking scale (multiplied by the root of the self
coupling constant). Clearly, ¢ is extremely small, so the question naturally arises as to

whether we can approximate the motion of a general topological defect by some simple set

! where p refers to the number of spatial dimensions of the defect
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of equations for a (p+ 1)-dimensional hypersurface. Therefore, we somehow want to find a
way of integrating out the rapid variation of the fields perpendicular to the worldsurface,
thus reducing the n-dimensional field theoretic action to a (p+1)-dimensional worldsurface
action. This is the problem of finding an effective action.

There are essentially two approaches one could take to calculate the action. Either
one expands the n-dimensional action around a known field configuration, integrating out
over orthogonal directions, or, one can expand the fields and field equations in powers of
thickness of the defect, using integrability conditions for the ntP order terms to give the
effective equations of motion to order n-1. Clearly the latter method is more dependable,
although more involved. The former method requires greater care for consistency. We will
use both methods, mainly the former to obtain the shape of the action, and the latter to
confirm the equations of motion. We start by setting up our notation and conventions
before systematically expanding the action around a ‘known’ static solution. Finally, we
derive the effective action and equations of motion for the defect up to second order in the

ratio of the defect size to the extrinsic curvature of its world history.

The effective action.

Let us suppose that a p-dimensional topological defect is formed during the sponta-
neous symmetry breakdown of a local field theory with initial symmetry group G. We will
consider only a local theory, since only a local theory has the sharp fall off in the fields
that is required by our methods. Global theories have long range Goldstone boson fields
which complicate the integration off the worldsurface. (For simplicity we will take G to
be a simple Lie group, although the more general case should be transparent.) We write
#(= ¢a) to represent the multiplet of fields transforming under G, and 4, = Aau(z)T3s
as the gauge field; thus

Dup = Vo +194u¢
Fuo = VA4, — V, A4, +ig[d,, A,

and we take our Lagrangian to be of the form:

L = (D*$)'Dudp - JTeFu F** — V(¢'4); (2)
we have taken the signature of the metric to be (+ — —...). The equations of motion are
58
551 = “DuDMé—@V'(¢1é) =0
5S (3)
= D, F"* — igp!T,D*¢ + h.c. = 0.
8Aa,



We will write the solution for the static defect as {¢o, Aoy} which will depend only on
{z*}, the cartesian coordinates perpendicular to the (p + 1)-hyperplane of the defect.

D,iD,ido + ¢oV'(d) o) =0

(4)
DoiFoM'J' + ig‘ﬁt;TaDonSo + h.c. =0.

The first step in finding the effective action is to show that {¢g, Ao, } are the solutions
to the equations of motion to zeroth order in the thickness of the defect. In order to
do this, we need to set up a coordinate system that is tailored to the problem at hand.
Clearly, given a (p + 1)-dimensional submanifold in spacetime, we can coordinatise it by
some {04} 4=0,..p. The worldsurface is then given by X#(c4), and the induced metric of
this surface by

axX* 8xX, ,

VAB = 5 X 5gB " (5)

At each point on the world history, there exists an m-dimensional normal plane which
is spanned by m normals, {n¥(c4)}i=1...m; we choose cartesian coordinates {¢'} on each
normal plane to correspond with the n'. We then specify that the ¢4 remain constant
in these normal planes to give us a set of coordinates based on the worldsurface. These
coordinates will be well defined within the extrinsic curvatures of the worldsurface. Note :
that in terms of the new coordinates, the metric is no longer constant, and the connection
no longer vanishes. In particular, an important identity, which relates the Lie derivative of

the metric to the extrinsic curvature and normal fundamental form of the worldsurface® is
C"‘g‘w = ZV(,,TL'.,,) = ZK‘.“., + Zﬂ:(“n’.y). (6)

This is crucial in the expansion of the action - we are not only expanding around a zeroth
order field configuration, but around a zeroth order metric.

Now that we have a suitable coordinate system, to examine the zero-thickness limit
we rescale our variables by a factor of 1/e. € here is taken to be a representative thickness
- a gauge defect in general will have more than one thickness scale associated with it:
the thickness of the scalar core, and the thickness of the gauge core. We state that the
ratio between these scales remans fixed as ¢ — 0. Thus, we set x* = ¢'/¢, and induce a
corresponding rescaling of the A; gauge fields. The metric and connection on the other hand
remain unchanged, since we are changing variables rather than coordinates. Thus we see
that the gauge derivative parallel to the worldsurface, D4, as well as the connection terms
of D; are now suppressed by a factor of € relative to the cartesian derivative perpendicular

to the worldsurface D,;. Therefore in the limit ¢ — 0, the equations reduce to the static
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equations (4), and the zeroth order solution is ¢o,Aou. (Strictly, we should rescale our
scalar field ¢ so that all quantities are of order one, and take the zero-thickness limit in
such a way that the energy of the defect remains constant. Thus, strictly it is the rescaled
$o that is the zeroth order solution, however, since we are integrating out over the defect
to obtain the action, this factor is irrelevant.) With finite thickness however, ¢o and Ao
need not satisfy the equations of motion, for in this case, the dependency of the metric on
the orthogonal directions introduces extrinsic curvature terms via
DuD#$ = ——==Doi/=3Dei$
V=9 (7)
= —K;D,i¢ — D,iDsi¢

with a similar expression for D, F#”. Therefore (3) and (4) are not necessarily equal to
first order in e. We therefore expand the action in powers of €.

The action of a field configuration is

5= [ Lig dulv=sd"= (8)

Let us suppose that we have a field configuration which corresponds to a topological
defect moving arbitrarily, then, provided the curvature of the worldsurface remains small
compared to its thickness, we expect that the field configuration will be close to the zero-
thickness limit:
¢ = o+ 60
A, = Ay + 04,

(9)

where 6§¢ and 6 A, are at least of order ¢, and to order e satisfy the linearised perturbation

equations:
§S /( §2S §%S §%S
—+ — §¢a(y)+ 6 1B(y)———— + 6Aq -——————) —gd"y =0
o+ | (Gaomyes =W + 96" W gmaggas A WAL me) VT
S /( 528 528 >
_— ————b¢a +he. +0A40n(Y) 7 —qgd"y =0
i " ) Gawsan 2 en v A
(10)
Here we use the notation :Ti; to indicate a functional derivative evaluated at zeroth order

only in the fields ¢ and A,. We will write %‘% ‘ o to indicate evaluation completely at zeroth
order, including the metric. The second order functional derivatives are always evaluated
in this limit.



Thus expanding the action around the zeroth order solution

625

5¢5¢5¢5¢

6S 58 1
=5[do, Ao, 9] + / —0¢+he + —— 6-40#) vV—god"z + = //
o¢ 8Aau 2

525 825 528
t . — T 6A.,645,) /=g gd zd"
o gt Spta,,  ¢0Aan+ b+ 5 A, 04y, oroht ) gv—gazdy

we see that the perturbation equations reduce this to the simpler form:

)
[430,-40“,9] + = / ( ¢5¢+ h.c. 6.Af“ 5Aa“) vV—god™z. (11)

Now, in order to calculate the second term, we need to know ¢ and 8A, to order e,
i.e. the solutions to (10). Clearly these will somehow depend on the K;, however, before
trying to solve (10) we should first investigate the 1ntegrab1hty condition. We multiply
each functional derivative of S in (10) by the derivative of the corresponding field, and

integrate over z to obtain:

S
-+ h. —A . -——6A vA
¢ ¢0 + c.+ 5‘400“ oap,c // 6Aby6Aa“ b 0,0

828 628 §2s

+ (555509000 + 88' ¢, - ¢¢>o.c 8 e oo + 00 Aens + hic)

(12)
Although this expression looks involved, note that from (7), the left hand side is

/—K‘ (¢Z,0Doi¢o + (Doi¢o)f¢o'0 + Aoﬂj,vFoﬂij) = _6: K; ((Dok‘#’o)?poiqbo + h.c. + Foﬂk.iFoaiJ'
+ AoﬂkDojFoﬂfj + Aok-jFodij [Aok! AoJJﬂFoMJ)
= —-‘/\/—_’)’K;M,'kdp*']d (13)

where

My = / (Doite)' Dory + hic. + FyjiF i d™e

is a positive definite symmetric bilinear form.

The left hand side can also be rearranged to give

n 8 6§ 9 65 0 &S
/d yﬁ([@w!o} 6é(y) + 5‘7“(3/)%;@ . ap(y) y® 6Aq,

) (14)
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which vanishes by virtue of the zeroth order equations of motion. Hence

K;M; =0
= K;=0. (15)

Thus the integrability condition is K; = 0, and hence 6¢, 6A, = 0 to this order in e.

Therefore we come to the possibly surprising conclusion that the action is simply

§ = So[dos Ao 9]- (16)

We could have come to the same conclusion by examining the equations of motion associ-
ated with the zeroth order action S[¢,, 4,4, o) - the Nambu action. Writing X#(o#) for
the worldsurface spacetime coordinates as before, and D4 as the worldsurface covariant

derivative!, the Nambu equations of motion (see appendix) are merely the wave equation

DsDAX#(c4)

=0
= Knl' =0.

Thus the Nambu action in fact implies that K; = 0. This was the flaw in the previous
arguments®: in expanding the action around a zeroth order solution a fully consistent
procedure is required, all the conclusions of the zeroth order results must be used at
higher order. We exhibited both techniques of calculating the perturbation solution in
order to reinforce confidence in this conclusion.

We are now left with expanding

S[dr Aoprg] = / V=GLql b, AguldPTiad™E

around the worldsurface. By construction, in the new coordinates g;; = &;;, which is
independent of the £%, hence £, = Ly, and we need only expand the volume element /—g
about the worldsurface.

Therefore we have
) 1 . .
V=G = Vo + £0/ T + SO0 e+ (17)
but
8iv—g = Liv—g = vV—gK;

! by which we mean the spacetime covariant derivative projected onto the worldsurface,

gf: V., rather than (PT1)YQ,




and
9;K; = n;-‘V“Vyn:f = nf;V,,V,,n;’ = —K;-‘"K.-“,,

implies
vV=9=v—r{1+ &K+ %f‘éj(Kin - Kiw K37)}. (18)

Clearly, upon integration, linear terms will disappear, leaving a contribution to the action

of
S = po / v=r1- %ez (p+1IR]dP¥ g (19)

where po = [ Lod™¢" is the energy per unit p-area of the defect, 3 = JE2Ld™E 262 is

a constant of order unity, and we have used the Gauss Codazzi relations

uv

S KI-KZL,=-""R (20)

to write the action in terms of the Ricci curvature of the worldsurface.
Clearly then, for p = 0 this ‘geometric’ correction term vanishes; for p = 1, it is a
topological constant, the Euler characteristic of the surface. Only for p > 2 does this term

contribute. In this case, one can use the substitution
DsDpX* =nl'Kisp (21)

in (19) to find the equations of motion for the worldsurface by varying X# (remembering

that the metric 745 and the connection depend on X*#). From the appendix, we see
H1 -4 B pC
K,i = “ZL-OKOiBKOjCKOjA (22)

as the second order equations of motion for the worldsurface. (In fact, the right hand side
of these equations vanishes identically for p = 0 and 1, so we could say these were the

equations for all p.)

Conclusions.

Therefore, we have shown that the second order action for a topological defect is (19):

S = ﬂo/\/—7[1 _ K (p+l)R] drtig4
Ho

which yields the second order equation of motion:

K1
K;= —ZezaK;‘};Kchﬁ
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Therefore for p = 0,1 we see that there are no second order correction terms to the
action. The action for a particle is the proper length of the path, and for a string, the
proper area. This might indicate a necessity for a higher order expansion, however, for
such higher order terms to be important, the extrinsic curvature must be of the order of
the defect size, in which case, all correction terms would be important, and we might as
well analyse the full field equations. Such & situation would arise for instance at a cusp in
a string trajectory.

For membranes and higher dimensional defects, the effect of (19) can be estimated by
considering the subsequent motion of a p-sphere of defect released from rest. In terms of

the radius R(7) of the sphere, T the proper time of an observer moving with the defect:

V1 + R?

K, = e +
3 PN
KB KGEY = () + (14 B

Therefore, if R,(7) is the ‘Nambu’ trajectory, satisfying K, = 0, the second order trajec-
tory, R(7) is given by
R ;
B PR =2
1+r2 R Ko

(1 + R? )3/2
P
Therefore 0 > R(T) > Ro(7) - thus the correction has the effect of slightly resisting the
collapse of the defect when it starts to become significant - this indicates that the correction
is a rigidity term. Here the approximation breaks down when R ~ €*/3 (i.e. before the
spatial radius of curvature reaches €). After this point, a full field theoretic treatment
would be required to investigate the behaviour of the defect (if indeed it persists as such).

It would be interesting to include the effects of supersymmetry in this calculation,
but this would require finding appropriate field theories with static defect solutions that
spontaneously break the required spacetime (super)symmetries - a somewhat more involved
task?. One can take the approach of requiring an effective action to have the relevant
worldsurface symmetries, (for example see ref. 10) however, this would only give the ‘shape’
of the action. This work shows that only by analysing the actual field theory do we get
information on whether any of the terms in such an expansion are non-zero.

Another useful extension of the work would be to investigate whether one can include

gravity, however, the work of Geroch and Traschen!! in four dimensions indicates that a
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consistent zero-thickness limit in the general case may be problematic - and indeed we
have found this to be the case.

Finally, we should remark that these results are probably applicable to a wider class
of soliton solutions. For instance, we found that the action for a skyrmion was simply the
action of a particle. Therefore, unlike an action with extrinsic curvature, here we cannot

ascertain whether ‘particles’ are point like or soliton like from the macroscopic motion.
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Appendix.

Here we find the equations of motion associated with the action

S = / VA (o + pre PHIR)IPH (A1)

We first write this in terms of the worldsurface coordinates by recalling (5) and (21):

_ 0x*8X,
TAB = 54 808 (A2)
DsDgX* =ntK,sp,

thus
5= / V=(ko + 11 [DaDpX*DADBX, — (D,DAXFYPHe. (43

In varying the action with respect to X #, we must remember that both the metric

and the connection depend on X*. For the metric we have:
SvaB = X% Xa,B + X%6Xa B (A3)

However, we do not need to evaluate 8T'5 ¢ since this always appears multiplied by a
single derivative of X# which is contracted with a double derivative of X#, a quantity
perpendicular to the worldsurface. Thus

§[DaDpX*D*DBX, — (DDA X")?] = 2[D4DpX*D*D®6X, — D4DAX*DgDB5X,

+ 7AC7BD5'YCDDADBX"DCDCXu]
(A4)
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which, upon integration by parts gives a contribution to §S of

f,/’—_-, 2p1625X“DA{DBX“RAB _ DpX*DADBX'DcDCX.}

A5
= /ﬁ zplez6X,,DA{DBX“DADCX"DCDBX,,}. 4
Here we have used the Riemmann identity:
D,DBDAX* = DBD4DAX" + RECDcX* (A6)
and the Gauss-Codazzi relation
Rap = K,acK% — K.K.aB (47)
— DgDSX*D4DpX, — DaDcX*D° DX,
to simplify the equations.
Finally, we note that
(48)

1
5\/—‘)’ = —2-’7AB57AB = DAX"DA6X,.

which we may readily integrate by parts to obtain the full variation of the action as

55 = / V76X, [noDaDAX" + s D 4{DAX*|(DsDcX”) - (DsDP X))

(A9)
+ ZDBX“DADCX”DCDBXu}]
Therefore, the equations of motion are

DADAX* + Ele’DA{DAX“[(DBDCX”)' —(DpDBX*Y
Ho (A10)

4 2DpX*DADCX*DcDPX, } =0.

Thus to zeroth order the worldsurface satisfies the wave equation:
DADAX“ =0

° (A11)

= n*K, =0.
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Substituting this result into (A10) we see that to second order X# satisfies:

2
(DaDAX*) + %EQDBDCXg‘DcDAX;DBDAXO, =0 (A12)
0

or, rewriting this in terms of the extrinsic curvatures
2u
K2 - u—ofzK.-AOBK,%cK,%A =0. (413)
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